Deformations of maximal supergravity theories induced by gauging non-abelian subgroups of the duality group reveal the presence of charged M-theory degrees of freedom that are not necessarily contained in supergravity. The relation with Mtheory degrees of freedom is confirmed by the representation assignments under the duality group of the gauge charges and the ensuing vector and tensor gauge fields. The underlying hierarchy of these gauge fields is required for consistency of general gaugings. As an example gauged maximal supergravity in three spacetime dimensions is presented in a version where all possible tensor fields appear.
Introduction
In recent years a wealth of information has become available about general gaugings of supergravity. In particular, it has become clear that these theories may play an essential role in probing and exploring M-theory beyond the supergravity approximations considered so far. The key ingredient in these developments is the so-called embedding tensor, which defines the embedding of the gauge group generators (up to possible central extensions) in the rigid symmetry group, which for the maximal supergravities is the duality group that arises upon dimensional reduction of eleven-dimensional or ten-dimensional (IIB) supergravity. With the embedding tensor at hand, all gauged supergravities in various space-time dimensions can now be classified.
The first maximal gauged supergravity, N = 8 supergravity in four space-time dimensions with compact gauge group SO (8) , was constructed in [1] , soon followed by similar gaugings in maximal supergravity in D = 5 [2] and D = 7 [3] dimensions. Also D = 4 gaugings with non-compact versions of SO (8) and contractions thereof were found to exist [4] . Although these results eluded a more systematic understanding for a long time, there were hints of a deeper group-theoretical structure underlying these constructions, and linking the existence of gauged supergravities to certain higher-dimensional representations of the duality groups E n(n) : it was known already in 1984 that the so-called T -tensor of N = 8 supergravity (essentially a 'dressed' version of the embedding tensor) belongs to the 912 representation of E 7(7) [5] . The latter group is the invariance group of (ungauged) maximal supergravity in D = 4 dimensions [6] .
The more recent developments allowing for a much more systematic exploration of gauged supergravities go back to the discovery of maximal gauged supergravities in three space-time dimensions [7, 8, 9] , and it was in this context that the notion of embedding tensor was first introduced. The case of three space-time dimensions is special because all higher-rank tensor fields present in higher dimensions have been dualized away in the dimensional reduction of D = 11 supergravity [10] to three dimensions, such that all propagating degrees of freedom can be described by scalar fields. An immediate puzzle then (and the reason why these theories had not been found earlier) was the question how to gauge a theory that apparently does not have any vector fields left from the dimensional reduction. This puzzle was finally resolved in [7, 8] by introducing a set of 248 'redundant' vector fields transforming in the adjoint representation of E 8(8) ; rather than through the standard Yang-Mills kinetic term, these gauge fields appear with a Chern-Simons term in the Lagrangian, ensuring that the number of physical degrees of freedom in the theory remains the same as before.
The systematic investigation of gauged supergravities in dimensions D ≥ 4 by means of the embedding tensor was initiated in refs. [11, 12] , following the discovery of a new maximal gauged supergravity in [13] based on Scherk-Schwarz compactification [14] of D = 5 supergravity. This systematic analysis has meanwhile led to a complete classification of gauged maximal supergravities in D = 5 [15] , D = 7 [16] , and, finally, D = 4 [17] and D = 6 [18] (the situation in an even number of dimensions is more complicated because the duality group is only a symmetry of the equations of motion, but not of the Lagrangian). In particular, it can be shown that the known examples of gauged supergravities (including more recent constructions such as [19, 20, 21, 22, 23, 24, 25, 26, 27, 28] ) can all be accommodated within the systematic approach based on the embedding tensor. Most recently, gaugings of maximal supergravity in D = 2 were constructed in [29] -this case being more exotic because the relevant duality group E 9 is infinite dimensional.
The appearance of 'redundant' vector fields in D = 3 gauged supergravities and the (long known) fact that the consistent gauging of maximal supergravity in D = 5 [2] requires the simultaneous use of vector fields and 2-form potentials, has led to the conclusion that a systematic understanding of gauged supergravities makes the consideration of higher-rank tensor fields unavoidable [30] . As pointed out there, and as will be analyzed in further detail in the present paper, gauged supergravities can be consistently and systematically formulated by introducing a hierarchy of anti-symmetric tensor fields. The analysis at this point is independent of the number of space-time dimensions, and the hierarchy contains in principle an infinite number of anti-symmetric tensors of any rank. Of course, once the space-time dimension is fixed to some integer D, the maximal rank is also fixed to D. Maintaining the correct number of propagating degrees of freedom in the presence of these extra fields requires a subtle interplay of ordinary gauge invariance and higher-rank tensor gauge transformations. For non-zero gauge coupling the physical degrees of freedom reside in a finite number of the tensor fields and it is the embedding tensor that determines how these degrees of freedom are distributed over the various tensor fields. Here it is important to note that, in the presence of gauge interactions, the possibility for converting rank-p to rank-(D − p − 2) tensors fields is severely restricted. When the gauge coupling constant vanishes the hierarchy can in general be truncated.
In an important and independent development [35, 32, 33, 34] , following earlier papers [35, 36] , it has been shown that the relevant representations of all higher-rank tensors fields can also be obtained via a level decomposition of the indefinite Kac-Moody algebra E 11 (if one omits the D-forms, these representations can be equivalently derived from the hyperbolic Kac-Moody algebra E 10 ). In order to arrive at this decomposition, one first selects a 'disabled' node in the Dynkin diagram, and then decomposes the algebra in representations of the remaining finite dimensional subgroups of E 11 , all of which are direct products SL(D)×E 11−D where D ≥ 3 denotes the number of uncompactified space-time coordinates. Remarkably, it turns out that the low-lying representations in that analysis coincide with the representations found here by a completely different route. However, one should keep in mind that 'higher up' in the level decompositions of E 10 and E 11 there opens up a terra incognita of an exponentially growing spectrum of representations of ever increasing size and complexity, whose ultimate role and significance remain to be understood.
What is the physical significance of these results? As we will argue here, the existence of these gauged supergravities constitutes direct evidence for new M-theoretic degrees of freedom beyond the known maximal supergravities in space-time dimensions D ≤ 11 (and possibly also beyond string theory as presently understood). This feature is most evident for D = 3 gauged supergravities with semi-simple gauge groups: none of these theories can be obtained from higher-dimensional supergravity by conventional (Kaluza-Klein or ScherkSchwarz) compactification. Our claim is supported by the fact that several of the 'exotic' representations of the duality groups exhibited here have also been found to occur in toroidally compactified matrix theory [37, 38] , as well as in the context of del Pezzo surfaces and compactified M-theory [39] . The process of gauging a given maximal supergravity can thus be interpreted as the process of 'switching on' such new degrees of freedom, which are here encoded into the embedding tensor. A special role is played by the (D−1)-and D-forms: we will set up a Lagrangian formulation of three-dimensional maximal supergravity containing all higher-rank antisymmetric tensor fields with an initially space-time dependent embedding tensor Θ(x), in such a way that the (D−1)-and D-forms, respectively, impose the constancy of Θ, and the closure of the corresponding gauge group. Alternatively, one can eliminate the field Θ which appears at most quadratically in the Lagrangian by means of its equations of motion, thereby arriving at a Lagrangian that contains the higher-rank tensor fields in a non-polynomial fashion. Gauging would then be realized as a kind of spontaneous symmetry breaking, 1 and equivalent to the process of certain D-form field strengths acquiring vacuum expectation values. In this way, the different maximal gauged supergravities can be interpreted as different 'phases' of one and the same Lagrangian theory.
Finally, we should stress that we consider the deformations mainly from the point of view of setting up a consistent gauging. On the other hand, additional deformations are sometimes possible, generated by singlet components in the 'descendants' of the embedding tensor (which, presumably, could induce additional non-singlet terms higher up in the hierarchy). The embedding tensor by definition specifies how the gauge group is embedded in the duality group, but it also encodes many of the interactions of the tensor fields. At the level of these tensor interactions the embedding tensor may be able to accomodate additional components which will still fit into the hierarchy. A well-known example of this phenomenon is the Romans massive deformation of ten-dimensional IIA supergravity [40] , which is induced by a nine-form potential. We will comment on this in due course. This paper is organized as follows. In section 2 we discuss the hierarchy of tensor gauge fields in a general context. In section 3 we discuss the relation with M-theory degrees of freedom. In section 4 we determine the duality representations of the tensor fields in three space-time dimensions. The corresponding supersymmetry algebra is discussed in section 5 and the general Lagrangian for gauged three-dimensional maximal supergravity in section 6. Results of the present investigation have already been announced and discussed by us in several talks 2 .
A hierarchy of vector and tensor gauge fields
Maximal supergravities in various space-time dimensions can be constructed by dimensional reduction on a torus of supergravity in eleven and/or ten space-time dimensions. In general these theories contain abelian vector fields and antisymmetric tensor fields of various ranks. Their field content is not unique as p-rank tensor gauge fields can be dualized to tensor fields of rank D − p − 2, where D denotes the dimension of space-time of the reduced theory. However, there always exists an optimal choice of the field configuration that most clearly exhibits the invariance under a duality group G. This group is listed for space-time dimensions D = 3, . . . , 7 in the second column of table 1. The symmetry under the G-transformations is realized non-linearly in view of the fact that the scalar fields parametrize a G/H coset space, where H is the R-symmetry group of the corrresponding supersymmetry algebra. This group equals the maximal compact subgroup of G and it is also listed in table 1. In general the vector and antisymmetric gauge fields transform in specific representations of G. 3 The vector fields, which we denote by A µ M , transform in the fundamental or in a spinor representation of G. These representations are (implicitly) listed in table 1, as we will explain below. The generators in these representations are denoted by (t α ) M N , so
Structure constants f αβ γ of the duality group are defined
Deformations of these maximal supergravities can be constructed by introducing a nonabelian gauge group, which must be a subgroup of the duality group. The dimension of this gauge group is obviously restricted by the number of vector fields in the theory. The discussion in this section will remain rather general and will neither depend on the actual duality group nor on the space-time dimension (we recall, however, that there may be subtleties in even space-time dimensions related to selfduality of vector or tensor gauge fields). We refer to [15, 16, 17] where a number of results were described for maximal supergravity in various dimensions.
The gauge group generators X M , which will couple to the gauge fields A µ M in the usual fashion, are obviously decomposed in terms of the independent G generators t α , i.e.,
The gauging is thus encoded in a real embedding tensor Θ M α belonging to the product of the representation conjugate to the representation in which the gauge fields transform and the adjoint representation of G. This product representation is reducible and decomposes into a number of irreducible representations as is indicated for the cases of interest in the last column of [11, 30] . Only the underlined representations are allowed by supersymmetry. The R-symmetry group H is the maximal compact subgroup of G.
tensor is known as the representation constraint. Here we treat the embedding tensor as a spurionic object, which we allow to transform under the duality group so that the Lagrangian and transformation rules remain formally invariant under G. At the end we will freeze the embedding tensor to a constant, so that the duality invariance will be broken. Later in this paper we see that this last step can also be described in terms of a new action in which the freezing of Θ M α will be the result of a more dynamical process.
The embedding tensor must satisfy a second constraint, the so-called closure constraint, which is quadratic in Θ M α and more generic. This constraint ensures that the gauge transformations form a group so that the generators (2.1) will close under commutation. Any embedding tensor that satisfies the closure constraint, together with the representation constraint mentioned earlier, defines a consistent gauged supergravity theory that is both supersymmetric and gauge invariant. To spell out the closure constraint in more detail let us write out (2.1) once more, but now with representation indices in the G-representation pertaining to the gauge fields written out explicitly, viz.
where we will use the notation Z
for the symmetric part throughout this paper. The closure constraint is a consequence of the invariance of the embedding tensor under the gauge group it generates, that is
Contracting this result with t α we obtain
Hence, the gauge invariance of the embedding tensor is equivalent to the closure of the gauge algebra. It is noteworthy here that the generator X MN P and the structure constants of the gauge group are thus related, but do not have to be identical. In particular X MN P is in general not antisymmetric in [MN ] , as is evident from (2.2). The embedding tensor acts as a projector, and only in the projected subspace the matrix X MN P is antisymmetric in
[MN ] and the Jacobi identity will be satisfied. Therefore (2.5) implies in particular that X (MN ) P must vanish when contracted with the embedding tensor. In terms of the notation introduced above, this condition reads
The gauge invariant tensor Z P MN transforms in the same representation as Θ M α , except when the embedding tensor transforms reducibly so that Z P MN may depend on a smaller representation. As may be expected the tensor Z P MN characterizes the lack of closure of the generators X M . This can be seen, for instance, by calculating the direct analogue of the Jacobi identity,
We emphasize that seemingly strange features, such as the appearance of a symmetric contribution in X MN P , or the apparent violation of the Jacobi identity in (2.7), are entirely due to the redundancy in the description: although the actual gauge group is usually smaller than G, we nevertheless continue to label all matrices by G indices M, such that the number of matrices X M in general will exceed the dimension of the gauge group. The main advantage of this parametrization (and nomenclature) is its universality, which allows us to treat all gaugings (and gauge groups) on the same footing. Now we return to the field theoretic description. The gauging requires the replacement of ordinary space-time derivatives by covariant ones for all fields except the gauge fields,
where the generator X M must be taken in the appropriate representation. To write down invariant kinetic terms for the gauge fields one needs a suitable covariant field strength tensor. This is an issue because the Jacobi identity is not satisfied. The standard field strength, which follows from the Ricci identity,
and is not fully covariant. The lack of covariance can be readily checked by observing that F µν M does not satisfy the Palatini identity 4 ; rather, we have
under arbitrary variations δA µ M . Assuming the standard gauge transformation,
it follows that F µν M transforms under gauge transformations as
which is not covariant -not only because of the presence of the second term on the right-hand side, but also because the lack of antisymmetry of the structure constants X N P M prevents us from getting the correct result (cf. (2.20) below) by simply inverting the order of indices N P in the first term on the right-hand side
In order to remedy this lack of covariance we now follow the strategy of [15, 30] . Since we know that closure is ensured on the subspace projected by the embedding tensor, we introduce additional gauge transformations in the orthogonal complement so that all difficulties associated with the lack of closure can be compensated for by performing these new transformations. For the gauge fields, this leads to the following transformation rule,
where the transformations proportional to Ξ µ N P enable one to gauge away those vector fields that are in the sector of the gauge generators X MN P where the Jacobi identity is not satisfied (this sector is perpendicular to the embedding tensor by (2.6)). Note that the parameter Ξ µ N P in (2.13) appears contracted with the constant tensor Z M N P defined in (2.3) as a linear function of the embedding tensor. It is important, that this tensor generically does not map onto the full symmetric tensor product (N P) in its lower indices but rather only on a restricted subrepresentation. In other words, there is a non-trivial G-invariant projector P such that
for any choice of the embedding tensor. The precise representation content of P can be determined for any given theory by carefully inspecting (2.3) and we give examples of this in the later sections (see also [30] ). In order not to overburden the formulas with explicit projectors, we denote the projection corresponding to (2.14) by the special brackets | | ⌈N P⌋ | |,
i.e. we use the notation
Similar notation will be used for other index combination that we will encounter shortly. The combined gauge transformations (2.13) generate a group on the vector fields, as follows from the commutation relations,
where
Here it is crucial that δ(Λ) and δ(Ξ) commute on the vector fields. However, these commutators are subject to change when more fields will be introduced. We return to this issue in due course.
Under the combined gauge transformations F µν M changes as follows,
which is still not covariant. The standard strategy [15, 30] is therefore to define modified field strengths, 
To do this in a systematic manner we first define generic covariant variations of the tensor fields, 
For a combined gauge transformation we choose for ∆B µν MN , 23) where the unspecified contributions vanish when ∆B µν MN is contracted with Z P MN , so that they remain as yet undetermined. Substituting this expression and (2.13) into (2.22) leads indeed to the required result (2.20). 5 Here it is worth pointing out that the expected gauge transformation on B µν MN equal 24) where the generator
| acts in the restricted representation to which δB µν MN belongs, is already contained in the second term in (2.23), up to an additional gauge transformation associated with a three-rank tensor field, that we will introduce shortly. The above strategy forms the starting point for the construction of a hierarchy of antisymmetric tensor gauge fields [30] . To see how one proceeds, let us turn to the construction of the covariant field strength for the tensor fields B µν MN , 6
25) 5 Here we note that the present formulae cannot be compared directly to the ones in [30] , as those are derived in a different basis, but they can be compared to later work along the same lines, starting with [16] . 6 We use the same letters F for the field strengths of vectors and higher p-forms. From the number of space-time indices it is always clear to which forms the F belong.
where the first two coefficients follow from (2.23) and the terms cubic in the vector gauge fields are such that generic variations of F µνρ MN read as follows,
Just as before we introduce an extra gauge invariance to eventually deal with the noncovariant variations in the last term of (2.26), which will then provide the missing variations in (2.23), 
such that it transforms covariantly, i.e. 
for a non-trivial projector P independent of the embedding tensor. In principle, this projector can be worked out from (2.27), but deriving more explicit expressions requires a case-by-case consideration for each duality group G. As in (2.15) we will denote the corresponding projection by special brackets
| thus represents an intertwining tensor between the two-and the three-forms. It satisfies the properties
which are both consequences of the quadratic constraint (2.5). The first identity represents the analogue of (2.6). Another identity follows directly from (2.28),
Generic variations of the covariant field strength (2.6) can be written as
Now we consider again a combined gauge transformation. Requiring that H µνρ MN transforms covariantly, it follows that we must choose | , so that they remain as yet undetermined. Here we made use of the Bianchi identity,
Note that the standard Bianchi is obtained upon contraction with the embedding tensor.
At this point we must verify that the algebra of the various gauge transformations defined so far, will close under commutation. Let us first summarize the various transformation rules,
These tranformations indeed yield a closed algebra,
where we will comment on the two unspecified commutators in a sequal. The transformation parameters appearing on the right-hand side of (2.41) take the following form, 42) where the first two equations were already given in (2.17). Continuing this pattern one can derive the full hierarchy of p-forms by iteration. For instance, the transformation rule for C µνρ P| | ⌈RS⌋ | | contains the expected gauge transformation | acts as an intertwiner between the three-and four-rank tensor fields, and can easily be written down explicitly,
To derive the second formula we made use of (2. Although the number of space-time dimensions does not enter into this analysis (as we said, the iteration procedure can in principle be continued indefinitely) there is, for the maximal supergravities, a consistent correlation between the rank of the tensor fields and the occurrence of conjugate G-representations that is precisely in accord with tensor-tensor and vector-tensor (Hodge) duality 8 corresponding to the space-time dimension where the maximal supergravity with that particular duality group G lives. In the next section we discuss some of the results of this analysis and their implications for M-theory degrees of freedom.
M-Theory degrees of freedom
The hierarchy of vector and tensor gauge fields that we presented in the previous section can be considered in the context of the maximal gauged supergravities. In that case the gauge group is embedded in the duality group G, which depends on the space-time dimension in which the supergravity is defined. Once we specify the group G the representations can be determined of the various p-form potentials. In principle the hierarchy allows a unique determination of the higher p-forms, but in practice this determination tends to be somewhat subtle. To see this, let us first briefly consider the possible representations for the twoforms. For that we need the representations in the symmetric product of two representations belonging to the vector fields (we will deal with the case D = 3 separately), Hence it seems that the two-forms can belong to two possible representations of the duality group. To see which representation is allowed, we take its conjugate and consider once more the product with the vector field representation, This product should contain the representation associated with the tensor Z M N P . The latter is simply equal to the representation of the embedding tensor. If this representation is contained in the product, then we are dealing with an acceptable candidate representation. If this is not the case, then we must conclude that Z M N P cannot act as an intertwiner between the corresponding two-forms and the one-form potentials. Performing this test 9 on each of the two representations in (3.1), it turns out that only the first representation is allowed, leading to the entries for the two-forms presented in the third column of table 2. For the case of D = 3 space-time dimensions the above approach leads only to a partial determination of the representation assignment. Here the symmetric product decomposes into six different representations and in section 4 we will proceed diffently to deduce the correct assignment. The results for the two-forms in 4 ≤ D ≤ 7 dimensions were originally derived in [30] , where also the representations of the three-forms were determined that are shown in the table.
As we stressed already the hierarchy leads to a unique determination of the representations of the higher-rank tensor fields, but this has only partially been carried out. Already for lower-rank tensors, table 2 shows remarkable features. We recall that the analysis described in section 2 did not depend on the number of space-time dimensions. For instance, it is possible to derive representation assignments for (D+1)-rank tensors, although these do not live in a D-dimensional space-time. On the other hand, whenever there exists a (Hodge) duality relation between fields of different rank at the appropriate value for D, then one finds that their G representations turn out to be related by conjugation. This property is already exhibited at the level of the lower-rank tensors and we have simply extrapolated this pattern to higher-rank fields. Furthermore the diagonals pertaining to the (D − 2)-, (D − 1)-and D-rank tensor fields refer to the adjoint representation and the representations conjugate to those assigned to the embedding tensor and its quadratic constraint, respectively. While not all of these features show up fully for the lower-rank tensors, the pattern is quite suggestive. The underlying reasons for some of this will become apparent in the later sections, where we establish that the (D−1)-and D-rank tensors play the special role of imposing the constancy of the embedding tensor and the closure of the corresponding gauge group. It is an obvious question whether these systematic features have a natural explanation in terms of M-theory. Supergravity may contain some of the fields carrying charges that could induce a gauging. For instance, in the toroidal compactification there are towers of massive Kaluza-Klein states whose charges couple to the corresponding Kaluza-Klein gauge fields emerging from the higher-dimensional metric. This is of direct relevance in the socalled Scherk-Schwarz reductions [14] . However, these Kaluza-Klein states cannot generally be assigned to representations of the duality group and therefore there must be extra degrees of freedom whose origin cannot be understood within the context of a dimensional compactification of supergravity. 10 This phenomenon was discussed some time ago, for instance, in [38, 43] .
The general gaugings that have been constructed in recent years obviously extend beyond gaugings whose charges are carried by supergravity degrees of freedom. The embedding tensor can be regarded as a duality covariant tensor that, once it is fixed to some constant value, selects a certain subsector of the available charge configurations carried by degrees of freedom that will cover complete representations of the duality group. If this idea is correct these degrees of freedom must exist in M-theory, and there are indeed indications that this is the case. In this way the gauging acts as a probe of M-theory degrees of freedom.
Independent evidence that this relation with M-theory degrees of freedoms is indeed re-alized is provided by the work of [37] (see also, [38] and references quoted therein) where matrix theory [44, 45] is considered in a toroidal compactification. These results are based on the correspondence between N = 4 super-Yang-Mills theory on a (rectangular) spatial torus T n with radii s 1 , . . . , s n , and M-theory in the infinite-momentum frame on the dual torus T n with radii R 1 , R 2 , . . . , R n , where s i = l 3 p /R 11 R i and l p denotes the Planck length in eleven dimensions. The conjecture then is that the latter should be invariant under permutations of the radii R i and under T-duality of type-IIA string theory. The relevant T-duality transformations follow from making two consecutive T-dualities on two different circles. When combined with the permutation symmetry, T-duality can be represented by (i = j = k = i)
The above transformations generate a discrete group which coincides with the Weyl group of E n ; on the Yang-Mills side, the elementary Weyl reflections correspond to permutations of the compactified coordinates (generating the Weyl group of SL(n)) and Montonen-Olive duality g eff → 1/g eff (corresponding to reflections with respect to the exceptional node of the E n Dynkin diagram). This Weyl group, which leaves the rectangular shape of the compactification torus invariant, can be realized as a discrete subgroup of the compact subgroup of E n(n) , and consequently as a subgroup of the conjectured non-perturbative duality group E n(n) (Z) [46] . Representations of this symmetry can now be generated by mapping out the Weyl orbits starting from certain states. For instance, one may start with Kaluza-Klein states on T n , whose masses are proportional to M ∼ 1/R i . The action of the Weyl group then generates new states, such as the ones that can be identified with two-branes wrapped around the torus, whose masses are of order M ∼ R j R k /l 3 p , and so on. According to [46] , the non-perturbative states should combine into multiplets of E n(n) (Z); if the representation has weights of different lengths, one needs several different Weyl orbits to recover all states in the representation.
Following this procedure one obtains complete multiplets of the duality group (taking into account that some states belonging to the representation will vanish under the Weyl group and will therefore remain inaccessible by this construction). More specifically, using the relation n = 11 − D, it turns out that the first two columns of table 2, respectively, correspond to the so-called flux and momentum multiplets of [37] . However, as already pointed out above, the conjecture of [46] is essential in that one may need extra states from different Weyl orbits in order to get the full representation; for instance, there are only 2160 momentum states for E 8(8) , which must be supplemented by 8-brane states to obtain the full 3875 representation of E 8(8) .
The representations in the table were also found in [39] , where a 'mysterious duality' was exhibited between toroidal compactifications of M-theory and del Pezzo surfaces. Here the M-theory dualities are related to global diffeomorphisms that preserve the canonical class of the del Pezzo surface. Again the representations thus found are in good agreement with the representations in table 2.
For n ≥ 9, the flux and momentum multiplets of [37] have infinitely many components. Indeed, there are hints that the above considerations concerning new M-theoretic degrees of freedom can be extended to infinite-dimensional duality groups. Already some time ago [31] it was shown from an analysis of the indefinite Kac-Moody algebra E 11 that the decomposition of its so-called L1 representation at low levels under its finite-dimensional subalgebra SL(3) × E 8 yields the same 3875 representation that appears for the two-forms as shown in table 2. This analysis has meanwhile been extended [32, 33, 34 ] to other space-time dimensions and higher-rank forms, and again there is a clear overlap with the representations in table 2. Nevertheless it remains far from clear what all these (infinitely many) new degrees of freedom would correspond to, and how they would be concretely realized. Concerning the physical interpretation of the new states, a first step was taken in [47] , where an infinite multiplet of BPS states is generated from the M2 brane and M5 brane solutions of D = 11 supergravity by the iterated action of certain A (1) 1 subgroups of the E 9 Weyl group. In the context of gauged supergravities, the significance of these states may become clearer with the exploration of maximal gauged supergravities in two space-time dimensions [29] , where the embedding tensor transforms in the so-called basic representation of E 9 (which is infinite dimensional).
Tensor field representations in three space-time dimensions
Here and in the following two sections we will illustrate the preceding discussion and consider maximal supergravity in three space-time dimensions, where the full tensor hierarchy of p-forms is short enough to obtain all relevant information from the explicit results given in section 2. This example will show all the characteristic features that are generic for gauged supergravities. In this section we will determine the representation assignments for the tensor fields. The relevant duality group is equal to E 8(8) , which is of dimension 248. Its fundamental representation coincides with the adjoint representation, so that the generators in this representation are given by the E 8(8) structure constants, (t M ) N P = −f MN P . Indices may be raised and lowered by means of the Cartan-Killing form η MN . The vector fields A µ M transform in the 248 representation and the embedding tensor Θ MN is a symmetric matrix belonging to the 3875 + 1 representation [7, 8] . Using these data, we may evaluate the general formulas of section 2 for this particular theory. The gauge group generators are obtained by contracting E 8(8) generators with the embedding tensor X M ≡ Θ MN t N . In the adjoint representation we thus have
The tensor Z P MN defined in (2.3) is then given by
Because this tensor is a group invariant contraction of the embedding tensor, its representation must overlap with some of the representations of the embedding tensor. Obviously, the singlet component drops out so that we may conclude that (4.2) must belong to the 3875 representation.
As discussed before (cf. (2.14)), the tensor Z K MN generically does not map onto the full symmetric tensor product (MN ), which decomposes according to
but only on a restricted representation. Since (4.2) represents an infinitesimal E 8 (8) transformation on the embedding tensor Θ MN which leaves the representation content invariant, it follows that the indices (MN ) in (4.2) are restricted to the 3875 representation, so that the relevant projector is precisely P (3875) acting on the symmetric tensor product. This projector can be written as [49] (
According to the general discussion, it follows that closure of the vector field gauge algebra requires the introduction of two-forms in the 3875 representation. Hence the two-forms transform in the same representation as the embedding tensor. As noted in the previous section, this is a general pattern in gauged supergravities: the embedding tensor in D dimensions transforms in the representation which is conjugate to the (D−1)-forms. More precisely, the field strength of the (D−1)-forms is dual to the embedding tensor. We will discuss the explicit relation in the next sections. In three dimensions there is a subtlety related to the fact that the embedding tensor is not irreducible but contains an additional singlet 1 besides the 3875. The associated two-form can be defined but does not yet show up in the tensor hierarchy at this point. In order to keep the discussion as simple as possible, we will in the following restrict to the gaugings induced by an embedding tensor in the irreducible 3875.
Continuing the tensor hierarchy according to the general pattern discussed above, the next intertwining tensor Y MN K| | ⌈PQ⌋ | | , defined in (2.28), takes the form 10) and thus in the very same representation as the three-forms (4.8) . This is in accord with the general pattern in gauged supergravities noted in the previous section: the quadratic constraint transform in a (reducible) representation whose conjugate is equal to (or at least contained in) the representation of the D-forms. We will propose a natural interpretation for this in the last section, where the D-forms act as Lagrange multipliers for the quadratic constraint. Let us finally continue the tensor hierarchy one last step further, i.e., to the four-forms. Although four-forms cannot live in three dimensions, their tensor gauge freedom shows up in the three-dimensional tensor gauge algebra by the shift transformation of the three-forms (2.44). . This identity will also play an important role in the last section. Its proof is not entirely straightforward, as (4.11) involves expressions cubic in Θ and quadratic in the E 8 structure constants, and is therefore most easily checked on a computer.
To summarize, we have explicitly worked out the tensor hierarchy of gauged threedimensional supergravity and shown that consistency requires two-and three-forms to transform in the 3875 and 3875 + 147250 representation, respectively. The representation content of the (evanescent) four-forms is implicitly defined by (2.45) as a subrepresentation of 248 × (3875 + 147250) and shows up through the shift transformations (2.44) of the threeforms. In principle, the precise representation content of the index combinations in (2.45) can be worked out further, but these details are not necessary in what follows.
The supersymmetry algebra in three space-time dimensions
In this section we present the complete determination of the supersymmetry transformations and the corresponding algebra for the p-forms in three dimensions. Already in a number of cases supersymmetry variations of p-forms that do not appear in the ungauged action, have been determined. This was done by making an ansatz for these variations based on their tensorial structure, which involves some undetermined coefficients. These constants are subsequently fixed by imposing the supersymmetry algebra, after which one proceeds by iteration. Here we go one step further and consider also the supersymmetry variations of those p-forms that are not required for writing down the most general gaugings, in order to determine what their possible role could be. In three space-time dimensions this implies that we will now also consider the two-, three-, and four-form potentials. Although four-form potentials do not exist in four dimensions, their symmetries will still play a role as they act on the three-form potentials. We note that a somewhat similar investigation of maximal supergravity in five dimensions, in the context of a framework based on E 11 , has recently appeared in [48] .
We use spinor and E 8(8) conventions from [7, 8] . 12 In particular, the E 8(8) generators t M split into 120 compact ones X IJ = X [IJ] , associated with the group SO(16), and 128 non-compact ones denoted by Y A . Here I, J, . . . and A, B, . . ., respectively, label the 16 v and 128 s representations of SO (16) . Eventually we will also need indicesȦ,Ḃ, . . . labelling the conjugate spinor representation 128 c . Naturally we will also encounter SO(16) gamma matrices Γ I AȦ in what follows. We will freely raise and lower SO(16) indices. The scalar fields parametrize the E 8(8) /SO(16) coset space in terms of an E 8(8) -valued matrix V M P , which transforms as
under global E 8(8) and local SO (16) , characterized by the matrices g and h(x) which take their values in the Lie algebra of the two groups. Note that underlined E 8(8) indices and indices [IJ] , A andȦ are always subject to local SO(16). The one-forms associated with the 12 To be precise: the only change in notation with respect to [7, 8] is the sign of the vector fields, i.e., scalars are given by
where the derivative D µ on the left-hand side is covariant with respect to the chosen gauge group (cf. (2.8)). As is well-known, Q µ IJ will play the role of a composite SO(16) gauge connection. Both P µ and Q µ will implicitly depend on the gaugings introduced in section 2, through the defining relation (5.2).
For simplicity of the formulas we use the abbreviating notation,
for multiple tensor products of these matrices. The fermionic field content is given by 16 gravitinos ψ µ I and 128 spin-1/2 fermions χȦ transforming under SO (16) . In the presence of a gauging their supersymmetry variations are given by
with the tensors A 1 , A 2 given by
where in the second equation we introduced the tensor, only vanishes on shell upon projection with the embedding tensor, so that (5.26) will not beTo summarize, we have determined the supersymmetry variations of all p-forms in three dimensions by closure of the supersymmetry algebra. The full algebra is given by 34) up to supersymmetry and local Lorentz symmetry transformations. The last two terms correspond to additional local symmetries proportional to X µν and Y µνρ , that have appeared in (5.14) and (5.23) for the one-and two-forms, respectively. Furthermore, we recall that we have made a modification in the vector gauge transformation rule for the two-forms. Of course, we have to justify both the presence of this deformation and the fact that the two new variations can indeed be regarded as symmetries of a specific Lagrangian. In this respect it is important to recall that X µν and Y µνρ take the form of first-order duality equations between p-forms in three dimensions and, as it turns out, there are indeed field equations proportional to X µν and Y µνρ . This feature plays an important role in realizing the invariance. To understand this issue further we turn to the construction of the Lagrangian in the next section.
The Lagrangian with all p-forms in three dimensions
Finally, we give a Lagrangian which contains all p-forms in three dimensions. To this end we start from the gauged Lagrangian of [7, 8] ,
where,
This is the Lagrangian that describes all consistent gaugings with a constant, symmetric, embedding tensor Θ MN that belongs to the 3875 + 1 representation and is subject to the quadratic constraint Q 
3)
The two-and three-form potentials thus act as Lagrange multipliers to ensure that Θ MN is constant and satisfies the quadratic constraint. As Θ MN is a field now, the quadratic constraint can no longer be imposed by hand but must be implemented in this way.
Since the Lagrangian (6.1) is supersymmetric and gauge invariant for a constant tensor Θ MN satisfying the quadratic constraint, the new Lagrangian L gauged + L BC with xdependent Θ MN can be made supersymmetric and gauge invariant by introducing the proper local transformation laws for the potentials B µν MN and C µνρ Let us further remark that the full Lagrangian is invariant under the additional symmetry 9) with an arbitrary vector field ξ ν X . This follows directly from (6.7):
Likewise, the Lagrangian is invariant under the additional symmetry
with another arbitrary vector field ξ µ Y . The extra symmetries (6.9) and (6.11) are those which have shown up already in the supersymmetry algebra and correspond to the last two terms in (5.34). The second one is a standard equations-of-motion symmetry', whereas the first one is a little more subtle as its corresponding field variations do not vanish completely upon imposing the equations of motion.
Note that although there are of course no four-forms present in the three-dimensional Lagrangian, their tensor gauge freedom shows up as a shift transformation on the the threeforms (2.43). Since these are the only fields transforming under this symmetry, the Lagrangian must be invariant under the mere shift of three-forms according to (2.43) . Fortunately, this invariance is precisely ensured by the additional orthogonality Here no supersymmetry variation is assigned to the field Θ M N , which can still satisfy the supersymmetry variations by virtue of the existence of the new symmetry (6.11). Furthermore we precisely recover the new transformation rules for the higher p-forms that we have derived in section 5. A somewhat similar construction has been carried out in [50] to describe Roman's massive deformation of ten-dimensional IIA supergravity [40] in terms of a nine-form potential and an x-dependent parameter m(x) rather than a constant deformation parameter m. What is new here is the non-trivial representation structure of the deformation parameters and the need to simultaneously implement on them the quadratic constraint, hence the need for D-forms acting as the corresponding Lagrange multipliers.
We now return to the possible interpretation of our results, and especially the ones of the present section, in the framework of infinite-dimensional duality symmetries. Let us recall that the representations found in the level decompositions of E 11 [32, 33, 34] are in one-toone correspondence with the various p-form fields identified in course of our analysis and displayed in table 2. By contrast, the embedding tensor itself does not show up in this level decomposition, but must be added as an 'extraneous' quantity, even though it is to be treated as a 'field' in the present analysis (otherwise there would be no need for extra p-form fields in the Lagrangian (6.3)). In order to better understand the link with infinite-dimensional dualities, it would therefore be desirable to re-formulate the theory entirely in terms of onlydue to the the non-polynomiality of the latter, it appears difficult to extract this information directly and without explicit use of Θ. For this reason, it would be desirable to go beyond the mere kinematics of level decompositions, and to 'test' this non-polynomial Lagrangian (or at least some of its pieces, and in particular the dependence of (6.14) on the scalars via the kinetic matrix) directly either against the E 11 proposal of [35] , or alternatively, against the E 10 proposal of [51, 52] . Because the latter admits a Lagrangian formulation (but without D-forms as these do not appear in the decomposition of E 10 ), such tests are possible in principle. Although this will require much more work, we are confident that the present results can serve as useful probes of M theory, or, more succinctly, of the specific proposals made in [35] and [51, 52] , respectively, and thereby shed new light on the unresolved issues with them.
